We describe a simple numerical process (based on the Theodorsen method for conformal mapping ) for computing approximations to Faber polynomials for starlike domains.
Introduction
Faber polynomials have well-known classical applications as basis sets for polynomial and ational approximations in the complex plane. In addition, their study has received considerable atten-tion recently, in connection with the construction of efficient iterative methods for solving systems of linear algebraic equations (see eg. [4] ).Thus, the problem of developing numerical methods for com-puting approximations to the Faber polynomials for a region in the complex plane is of considerable current interest. This paper is concerned with the study of one such numerical method.
Let г be a Jordan curve in the complex z-plane, and let ψ denote the conformal map of which can be used to determine recursively the Faber polynomials p n . However, because of the pres-ence of the generally unknown mapping coefficients c and c j , the use of (1.3) has received very little attention from the computational point of view (see e.g. the remark made by Gaier in [9, p.44] ).
As far as we are aware the most recent references on the computation of Faber polynomials are the papers by Coleman and Smith [2] and Ellacott [5] . Of these, [2] concerns the computation of Faber polynomials in circular sectors, and involves the derivation of an explicit formula for the corresponding mapping function ψ. The paper also contains a recurrence formula for determining the mapping coefficients c j , but Coleman and Smith do not make use of (1.3) in their computations. They choose, instead, to compute the coefficients of the Faber polynomials directly from a standard integral representation that makes use of their formula for ψ. ( We note, however, that their recurrence formula was subsequently used by Ellacott and Saff [6] , for computing Faber polynomials in circular sectors, by means of (1.3).) In [5] , Ellacott suggests computing the coefficients of Faber polynomials, from their integral representation in terms of the mapping function Ф, by using the fast Fourier transform (FFT). He also considers the recursive computation of the polynomials by means of (1.3), but only for cases where the boundary curve Г is a polygon. For this, he proposes using the Schwartz-Christoffel formula for determining the expansion of ψ 1 and hence, by termwise integration, that of ψ.
Regarding numerical experiments, all the examples of Faber polynomials that we have come across in the literature, including those of [2] and [5] , are for regions for which the mapping function Ф, or its inverse ψ, is known exactly. The purpose of the present paper is to consider a fully numeri cal technique, based on using the well-known Theodorsen integral equation method for computing approximations to the coefficients c and c j of the mapping function ψ, and then determining recursively the corresponding approximate Faber polynomials by means of (1.3). Our main objective is to show, by means of numerical examples, that this technique is very well-suited for computing accurate approximations to the Faber polynomials corresponding to a wide class of starlike curves Г.
The numerical method
Let α j (n) denote the coefficients of the Faber polynomial p n , ie.
Then, by substituting (2.1) in the recurrence relation (1.3) and comparing coefficients of like powers of z, we obtain the following relations for n≥1: Assume that the boundary curve Г is starlike with respect to the origin and is given in polar coordinates by
where ρ is piecewise differentiable in [0,2π]. Also let Θ denote the boundary correspondence function associated with the conformal map ψ, ie.
where K denotes the well-known operator for conjugation on the unit circle ( see e.g. Gaier [8, Kap . II] and Henrici [12, §16.8] ). In the basic Theodorsen method equation (2.12) is solved iteratively for Θ, by using a Jacobi type iteration of the form
In practice, this iteration is performed in discretized form where, at the k th step, the function log ρ(Θ k (Τ)) is replaced by its trigonometric interpolating polynomial
of degree N and nodes
Then, because of the properties of the operator K, the (k+l)th approximation to the boundary -4 -correspondence function is given, from (2.13), by
The resulting discrete iteration can be stated as follows: which interpolates, the function log ρΘ(τ) at the nodes (2.15). The relevance of this observation with our work here is that once the approximations We end this section by making the following remarks concerning the convergence of the Theodorsen method and our implementation of Step 1 of the algorithm outlined above.
It is well-known that convergence of the iteration (2.13), and of the corresponding discrete iteration defined by (2.16), can be guaranteed only if the curve (2.11) satisfies a so-called "ε-condition ", which requires that
It is also well-known that if (2.19) is violated, then convergence can often be recovered by using underrelaxation with appropriate relaxation factor. This approach of using the Jacobi iteration (2.16), with underrelaxation if necessary, is sufficient for the purpose of the present paper, ie. for illustrating the application of the algorithm outlined above. We note, however, that it might be more efficient to perform Step 1 of the algorithm by solving the discrete Theodorsen integral equation using one of the several alternative iterative procedures which have been proposed in recent years. Full details of these recent developments can be found in the survey paper by Gutknecht [11] and the other references cited there.
Numerical examples
In this section we present five examples illustrating the use of the numerical algorithm of Section 2, for computing approximations to Faber polynomials associated with starlike curves. For comparison purposes, in each of our examples we choose a curve Г for which the mapping function ψ is known exactly. Then, by using if necessary the symbolic manipulation package MAPLE, we determine in rational form the mapping coefficients c, c j and ( whenever -The degree N of the trigonometric interpolating polynomial used.
-The relaxation parameter ω used in the iteration.
-The number K of iterations needed for convergence. and, for n ≥ 2, the recurrence formula (1.3) simplifies to
Ellipse
e.t.c. More generally, it follows easily from the solution of the difference equation
where [J] denotes the largest integer ≤ J ( See [3, p.226 ] and note that due to a printing error the factor 2 -j+1 in the left hand side of (3.1) is given incorrectly in [3] as 2.)
In the case d = 0.4, the Theodorsen method with N =32 and ω= 0.5 gives the following results, after K = 54 iterations:
• The approximations to c = 1 and c 1 = 0.4 are respectively 1.000 000 000 002 4 and 0.400 000 000 0010 .
• The maximum error in the approximations to the coefficients
is less than 7.9x10 -11 .
• The corresponding approximations to the nonzero coefficients • The maximum error in the approximations to the coefficients
is less than 2.9xl0 -15 . 
Two intersecting circles
For the application of the Theodorsen method we translate Ω 1 along the real axis ( so that the vertex at ζ = 0 goes to the point z = 0.5 ) and express the boundary Г in polar form: 
